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Abstract. We introduce the class of projective reflection groups which in- 
cludes all complex reflection groups. We show that several aspects involv- 
ing the combinatorics and the representation theory of all non exceptional 
irreducible complex reflection groups flnd a natural description in this wider 
setting. 

1. Introduction 

A complex reflection (or simply a reflection) is an endomorphism of a complex 
vector space V which is of finite order and such that its fixed point space is of 
codimension 1. Finite reflection groups are finite subgroups of GL(V) generated 
by reflections. They have probably been introduced by Shephard in (|l9l ) and have 
been characterized by means of their ring of invariants and completely classified by 
Chevalley and Shephard- Todd ^2^) in the fifties, generalizing the well-known 
fundamental theorem of symmetric functions. In this classification there is an 
infinite family G{r,p,n) of irreducible reflection groups, where r,p,n are positive 
integers (with r = mod p) and 34 other exceptional groups. The relationship 
between the combinatorics and the (invariant) representation theory of symmetric 
groups is fascinating from both combinatorial and algebraic points of view, and the 
problem of generalizing these sort of results to all reflection groups has been faced 
in many ways. Besides several results that holds in the full generality of reflection 
groups, there are some relevant generalizations which have been obtained only for 
the wreath product groups G(r, n) = G{r, l,n) (see, e.g., (13; 11; 0; \Eh H))- Some 



attempts to extend these results to other reflection groups have been made, in 
particular for Weyl groups of type D, (see, e.g., (@;@;0)) though they are probably 
not completely satisfactory as in the case of wreath products. 

In this work we introduce a new class of groups, the projective reflection groups, 
which are a generalization of reflection groups. We first prove some results on the 
invariant theory of these groups that hold in full generality. Then we will focus our 
attention on the infinite family G{r,p^ q,n) of projective reflection groups, which 
includes all the groups G{r,p,n) (in fact G{r,p, l,n) — G{r,p,n)). Fundamental in 
the theory of these groups is the following notion of duality: if G = G{r,p,q, n) then 
we denote by G* — G{r, q,p, n) (where the roles of p and q have been interchanged). 
We note in particular that reflection groups G satisfying G = G* are exactly the 
wreath products G(r, n) — G{r, 1, 1, n) and that in general if G is a reflection group 
then G* is not. We show that much of the theory of reflection groups can be 
extended to projective reflection groups and that the combinatorics of a projective 
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reflection group G of the form G{r,p,q,n) is strictly related to the (invariant) 
representation theory of G* , generalizing several known results for wreath products 
in a very natural way. 

The paper is organized as follows. We present definitions and a characterization 
in terms of invariants of projective reflection groups in Sj^l In SjSlwe further consider 
the action of a projective reflection group on a ring of polynomials to define and 
study its coinvariant algebra. In f|4] we introduce the groups G{r,p,q,n) and we 
answer some natural questions about possible isomorphisms between these groups. 
We exploit those combinatorial aspects of the groups G{r,p, q,n) that we need 
and we describe a monomial basis for the coinvariant algebra in !j5l In ij6] we 
analyze the structure of the irreducible representations of these groups and we 
provide a combinatorial interpretation for their dimensions. In |J7] we consider 
a decomposition of the homogeneous components of the coinvariant algebra that 
leads us to define the descent representations of a projective reflection group: these 
representations are used in fj8]to describe the main new results of this paper. Here 
we show an explicit basis of the diagonal invariant algebra as a free module over 
the tensorial invariant algebra of all projective reflection groups G(r,p, q,n). It is 
in this description that the interplay between a group G and its dual G* attains its 
apex. In fJHwe deduce some properties of Kronecker coefficients that can be deduce 
from the main results. In t jlOl we extend the Robinson-Schensted correspondence 
on wreath products to all projective reflection groups of the form G{r,p,q,n): in 
this general context it is not a bijection but it will be the key point to solve in §111 
a problem posed by Barcelo, Reiner and Stanton on the Hilbert series of a certain 
diagonal invariant module twisted by a Galois automorphism. 

2. Definitions and characterizations of projective reflection groups 

Let y be a finite dimensional complex vector space and consider the natural 
map (p : GL{V) GL{S'^{V)), where S''{V) is the q-th symmetric power of V. We 
clearly have ker ip = Gq, where Gq is the cyclic group of scalar matrices of order q 

dcf 2-7rz 

generated by Qql, with Qq — e i . 

Now, iiW GL{V) is a finite reflection group we have i^{W) ^ W/{W ("1 Gq). 
In particular, if Gq C W we have that W/Gq can be identifled with a subgroup of 
GL{S'^{V)) by means of the map (p. 

Definition. Let G be a finite subgroup of GL{S'^{V)). We say that the pair (G, q) 
is a projective reflection group if there exists a reflection group W C GL{V) such 
that Gq CW and G = W/Gq. 

We mind the reader that we will usually omit the parameter q whenever it can 
be clearly deduced from the context and we will simply talk about the projective 
reflection group G. We also note that we obtain standard complex reflection groups 
in the case q = I. 

Any finite subgroup of GL{V) acts naturally on the symmetric algebra 
A well-known theorem due to Chevalley (fllh and Shephard-Todd ([20) says that 
a flnite group G of GL{V) is a reflection group if and only if its invariant ring 
5'[y*]G' is itself a polynomial algebra. Our next target is to generahze this result to 
the present context. We recall that a projective reflection group (G, q) is equipped 
with an action on the symmetric power S''{V). The dual action can be extended 
to S'g[V'*], the algebra of polynomial functions on V generated by homogeneous 
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polynomial functions of degree q. The following result is the natural generalization 
of the theorem of Chevalley and Shephard-Todd to the present context. 

Theorem 2.1. Let V be a complex vector space, n — dimV^, and G be a finite 
group of graded automorphisms of Sq[V*], the algebra generated by homogeneous 
polynomial functions on V of degree q. Then (G, q) is a projective reflection group if 
and only if the invariant algebra Sq[V*]'^ is generated by n algebraically independent 
homogeneous elements. 

Proof. Let (G, q) be a projective reflection group acting on S"'(F) and W S GL{V) 
be a reflection group such that G = W/Cq. Then, since Cq C W, we have that 
S[V*]^ C Sq[V*]. It follows that S[V*]^ = Sq[V*f and so Sg[V*f is generated 
by n algebraically independent homogeneous elements by the corresponding result 
for reflection groups. To prove the converse we need the following two lemmas. 

Lemma 2.2. Let ip be a graded automorphism of Sq[V*]. Then for any x Cz V* 
there exists z ^V* such that Lp{x'i) — z'' . Moreover, for any y £ V* we have that 
divides ip{x'^y'^^''). 

Proof. If dim = 1 then (f{x'^) — Xx'' — (A^/^x)^ for some A £ C, where A^/* is a q- 
th root of A. If dim V > 2 \ct y ^ V* he such that x and y are linearly independent. 
For i = 0, g we let i^i = x'^y'^~^. We observe that for all i = 2, . . . , g we have 
= Fi^2Fi. So we also have 

(1) ^{F^-lf - ^{F,^2)V{F^). 

Since Lp is an automorphism we have that ^p{Fq) and ^{Fq) are linearly independent. 
It follows that there exists an irreducible polynomial function w which divides (p{F()) 
with multiplicity mo and ^(Fq) with multiplicity mq, with mp < mq. 
We let rrii, with i = 0, . . . , g, be the multiplicity of w as a factor of (p{Fi) and we 
claim that nii = imi — (i — l)mo for all i ~ 0, . . . ,q. This is clear if i = 0, 1. If 
i > 1 then, by ([T]), we have 2mi_i — mi_2 + mi. So mi = 2mi_i — mi_2 and, by a 
recursive argument, we conclude the proof of our claim. 

If mi < TTiQ we have that mq — qmi — (g — 1)?tio < grno ^ (q ^ 1)^0 = nio which 
contradicts our assumption toq < 'Tig. So we have mi > toq + 1 a-nd hence 

mi = imi — (i — 1)too 1^ + 1) ^ (* ~ l)'7io — i + rn^ > i. 
It follows that mq — q and so F{x'^) — Xw'^ ~ z"*, where z = A^/^w. □ 

The following result is probably already known but we offer a proof for lack of a 
suitable reference. 

Lemma 2.3. The algebra Sq\V*] is generated by the q-th powers of elements in 
V*. 

Proof. We proceed by double induction on g and n = dim V. If g = 1 or n = 1 
the result is trivial. So let n = 2. If {x, y} is a basis for V* then it is enough to 
show that every monomial a;*y'^^* is a linear combination of g-th powers. So let 
fi = (^)a;*y'^~*. Then for any fc = l,...,g + lwe have 

(kx + yy = J2k'U 

4=0 

Since the matrix of the coefflcients is a Vandermonde matrix (and so it is invertible) 
we can express the fi's as a linear combination of the {kx + y)^'s and we are done. 



4 



FABRIZIO CASELLI 



Now let n > 2 and M e 'S'q[l^*] be of degree q. By induction on q we can express 
M as a linear combination of elements of the form xy"^"^, for some x,y ^ V*. But 
xy'^~^ belongs to S''^(< x,y >) and the result follows from the case n = 2. □ 

Proof of Theorem \2.1\ ( cont.). Let be any fixed non-zero element in V* and 
g ^ G. By Lemma [2.21 we have that gix^) — for some z e V* . Then, for any 
y eV* we let 

f{y)''^'g{xr'y)/z'-'. 
Note that this is well-defined by Lemma [2.21 and that / G GL{V*). We claim that 
for any y € V* we have g{y'^) = {f{v)Y- By (the proof of) Lemma [2.21 we know 
that g{{xo + yY) belongs to the g-th symmetric power of a 2-dimensional subvector 
space of V* generated by z and another element w eV* such that g{x}fy'^''^) is a 
scalar multiple of Lemma [221 also tells us that g{{xo + y)'^) is a g-th power 

of an element of the form Xz + fiw. So we have 

9iixo + yr) = gixl) + qgixl'y) + ...+g{y'^) 

Since the elements z^w'^~^ are linearly independent we deduce that the correspond- 
ing elements in the previous equality must be the same. In particular we have 
g{x^o) = A«z«, g{xl~^y) = \i-^zi'^^iw and g{y'i) = By the first equal- 

ity we have A' = 1, by the second equality we have f{y) = A'~^/iw and so 
by the third equality we deduce that {f{y)Y = (A'^^^/iw)'' = fi^w'^ — g{y'^). 
From this and Lemma 12.31 we deduce that g{xi---Xq) = f{xi)---f{xq) for all 
xi,. .. ,Xq G V* . We observe that in the previous formula we can substitute / 
with its scalar multiple Q/ and we denote by Wg = {I <^ GL{V*) : g{vi ■ ■ - Vq) = 
l{vi) ■ ■ ■ l{vq) for all vi, . . . ,Vq £ V*}. It is clear from our discussion that \Wg\ = q 
(being a coset of in GL(y*)) and that W = UWg is a subgroup of GL{V*). We 
also observe that Wi = Cq. This imphes that S[V*]^ C Sq[V*]. It follows that 
S[V*]^ = Sq[V*]^. By the theorem of Chevalley and Shephard-Todd we deduce 
that is a reflection group and so, by definition, (G, q) is a projective reflection 
group since, clearly, G = W/Cq. 

□ 

3. The coinvariant algebra of a projective reflection group 

If is a reflection group acting on a vector space V then the coinvariant algebra 
of W is the quotient of the ring of polynomial functions by the ideal generated by 
homogeneous invariant polynomial functions of positive degree. It is a rich and 
fundamental tool in the study of the invariant theory of W (see, e.g., (flBI . §3)). As 
we observed in SjS] we have an action of any projective reflection group (G, q) on 
the algebra S'q[y*] generated by the homogeneous polynomial functions on V of 
degree q. We denote by the ideal of >S'g[y*] generated by homogeneous elements 
in S'5[y*]'^ of positive degree, and deflne the coinvariant algebra of G by 

R^''^ Sq[V*]/I^. 

The coinvariant algebra R'~^ is a graded representation of G and, as it was the 
case for reflection groups, it is isomorphic as a G-module to the group algebra CG. 
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Proposition 3.1. If G is any projective reflection group, we have an isomorphism 
of G-modules 

9i CG. 

Proof. Let W G GL{V) be a reflection group containing Cq suclr that G — W/Cq 
and recall that the invariants of W coincide with the invariants of G. It follows that 
the coinvariant algebra i?*^ is the subalgebra of given by the elements of degree 
multiple of q. Now let (/) be an irreducible representation of G. We have to prove that 
(j) appears in the irreducible decomposition of the G-module with multiplicity 
equal to its dimension. The representation (/) is also an irreducible representation 
of W and so it appears in the coinvariant algebra of R^ , with multiplicity equal 
to its dimension. Then, since (f) is a representation of G it must be fixed by Cq and 
so its isotypical component appears in the homogeneous pieces of degree multiple 
of q, i.e. in R^. The result follows. □ 

4. The groups G{r,p,q,n) 

In this section we introduce an important class of projective reflection groups: 
they are those projective reflection groups arising as quotients (by scalar subgroups) 
of all non exceptional irreducible complex reflection groups. 

We know by the work of Shephard-Todd (jioh that all but a finite number of irre- 
ducible reflection groups are the groups G{r,p, n) that we are going to describe. If 
A is a matrix with complex entries we denote by |A| the real matrix whose entries 
are the absolute values of the entries of A. The groups G{r,n) — G{r,l,n) are 
given by all n x n matrices satysfying the following conditions: 

• the non-zero entries are r-th roots of unity; 

• there is exactly one non-zero entry in every row and every column (i.e. \A\ 
is a permutation matrix). 

If p divides r then the reflection group G{r,p,n) is the subgroup of G{r,n) given 
by all matrices A e G'(r, n) such that J^"*^ is a ^-th root of unity. 

It is easy to characterize all possible scalar subgroups of the groups G{r,p,n): 
in fact we can easily observe that the scalar matrix QI belongs to G(r,p, n) if and 
only if q|r and pq\rn. 

Definition. Let r,p, n G N be such that p\r, q\r and pq\rn. Then we let 

G(r,p, q, n) ^'^ G'(r,p, n)/Gq, 
where Cq is the cyclic group generated by C,ql. 

We observe that starting from the wreath product group G{r^ n) we could have 
done first the quotient by the subgroup Cq and then taken the subgroup of this 
quotient consisting of elements A satysfing j'^"*^ is a ^-th root of unity (note 
that this requirement would have been well-defined). We would have obtained the 
same group G(r,p, q,n) and one of the targets of this paper is to convince the 
reader that these two operations of "taking subgroups" and "taking quotients" 
have the same dignity and for many aspects their are dual to each other. In fact, 
we may note the symmetry on the conditions for the parameters p and q in the 
definition of the group G{r,p,q,n). In particular if G = {G{r,p, q^n), q) then the 

projective reflection group G* {G{r, q,p, n),p), where the roles of the parameters 
p and q are interchanged, is always well-defined. The classical Weyl groups of type 
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A, B and D are respectively in this notation the groups G(l, 1, 1, ti), G(2, 1, 1, n) 
and G(2,2, l,rt). Note that while Weyl groups of type A and B are fixed by the 
^-operator, Weyl groups of type D and general reflection groups are not. The 
main goal of this work is to show that several aspects of the invariant theory of a 
projective reflection group G of the form {G{r,p, q, n), q) is strongly related to and 
easily described by the combinatorics of G*. From now on, when talking about a 
projective reflection group we always refer to a group of the form {G{r,p,q,n),q) 
(and we will denote it simply by G{r,p, q, n)) unless otherwise specified. 

If 5 6 G(r, n) we write g — [cr; ci, . . . , c„] if the non-zero entry in the i-th row of 
g is C^' and a 6 5'„ is the permutation associated to \g\ (i.e. a{i) — j if gij ^ 0). 
We observe that g determines a uniquely while the integers c,; are determined only 
modulo r. We also note that in this notation we have that g — [cr; ci, . . . , c„] belongs 
to G{r,p, n) if and only if ^ = mod p. 

If 5 G G(r, p, q, n) we also write g = [cr; ci , . . . , c„] to mean that g can be represented 

by [cr; ci, . . . , c„] in G{r,p,n) and we let c{g) '= J^'^i (note that c{g) is defined 
modulo GCD(r, ^) which is a multiple oi p). One may ask for which choice of the 
parameters one has G = G* as abstract groups. This is the main target of this 
section. 

Lemma 4.1. Let d — GCD(^,p')|p for somep'\r. Then every element in G(r,p, q, n) 
has exactly ^ representatives in G{r,p' ,n). 

Proof. Let g G G{r,p,q,n) and go,...,gq-i G G{r,p,n) be the q distinct rep- 
resentatives of g. After a suitable reordering of these elements we have that 
c(5i) = c{go) + ^i. So we have to compute the number of solutions modulo q 
of the equation 

TTl 

c{go) H i = mod p' . 

q 

This equation has d solutions modulo p' and hence ^d solutions modulo r and so 
^ solutions modulo q (note that we know a priori that the solutions are defined 
modulo q). 

□ 

Proposition 4.2. Let G{r,p,q,n) and G{r,p' , q' ,n) have the same cardinality (i.e. 
pq = p'q') and assume that GGI){^,p') = GCD(^,p). Then 

G{r,p,q,n) ^ G{r,p' ,q' ,n). 

Proof. Let d = GCD(^,p') = GCD{^,p). Then we clearly have that d\p,p' and 
so we can apply Lemma 14.11 to both G{r,p, q,n) and G{r,p' ,q' ,n). Observe that 
^ = ^ since pq = p'q'. We let p = lcm{p,p') and g = = Then we can 
easily check that the group G(r, p, q, n) is well-defined and that pq — pq. By Lemma 
14. II there exists a unique map ip : G{r,p, q, n) — > G{r,p, q, n) such that g and (p{g) 
have a common representative in G{r,n). We observe that this map is injective 
by construction and that it is a group homomorphism since we can perform the 
group operations by means of the common representatives. We conclude that it 
is a group isomorphism since the two groups have the same cardinality. We can 
similarly prove that G{r,p' , q' , n) = G{r,p, q, n) and the proof is complete. □ 
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Proposition 4.3. Let GCD(^, ^) = GCD(^,^) = S162, where Si is a product 
of primes which appear with the same multiplicity in the prime factorizations of p 
and q, and 62 is a product of primes which appear with different multiplicities in 
the prime factorizations of p and q. Then 

G{r, p, q, n) = G(r, S2P, q, n) x Cs^ ■ 

Proof. Observe that G{r, S2P, q,n) is well-defined (i.e. S2p\r and S2pq\nr) and that 
it is a normal subgroup of G{r,p, q, n). The subgroup Cs^ is the subgroup generated 
by the scalar element (s2q which has order S2 in G{r,p,q,n). We only have to show 
that the two subgroups G(r, d2P, q, n) and intersect trivially in G(r,p, q, n). For 
this we have to verify that (g^^ S G(r, S2P, q, n) if and only if fc = mod 82- With 
this in mind we observe that GCD(^^,52) = 1. In fact if tt is a prime such that 
7r°||(52 (i.e. 'k°'\52 and tt'^^^ j{52) then tt appears with different multiplicities in the 
prime factorizations of p and q and hence also in the prime factorizations of - and 
^. Then, since GCVi{^, ^) = GGVi{^, we necessarily have that tt'^W^ and so 
the condition GCD(^,(52) = 1 follows. So 



rn 



C5% G G(r, 52P, q, n) ^ — fc = mod S2P 

TTi 

<^ — — fc = mod §2 
pq02 

<^ fc = mod 52- 

Theorem 4.4. Let G = G{r,p, q, n), with n =/= 2. Then 
G^G* <^ GCD 



□ 







/ rn 






- 


= GCD — . 




\pq 


9/ 


\pq 


pJ 



Proof Assume that GCD(i^, ^ = GCD(^, ^). By Proposition we have G ^ 
G{r,d2P,q,n) x Gs2 and G* = G{r,62q,p,n) x G^j. So we only have to show 
that G{r,S2P,q,n) = G{r,S2q,p,n). By Proposition 14.21 it is enough to verify that 
GCD(ni,<52g) = GCD(ni,M or equivalently GCD(^p,<52g) = GCD(^g,M- If 
TT is a prime number with the same multiplicity in the prime factorizations of p and 
g then we clearly have that 7r"|GCD(^p, ^z?) if and only if 7r"|GCD(^g,(52p). If tt 
appears with different multiplicities in the prime factorizations of p and q then, by 
the definition of 62 , we have tt" [ ^2 if and only if tt"^ | GCD ( ^ , ^ ) = GCD ( ^ , ^ if and 
only if 7r° I ^ . So tt appears with the same multiplicity in the prime factorizations 
of ^ and S2. This impHes that GCD{^p, 52q) = GCD(^g, 52P) and we are done. 

Now assume that G = G* . We recall that for n > 2 the center of the symmetric 
group Sn is trivial. Then one can easily prove that the center of G is given by the 
scalar elements only. The number of scalar elements in G is exactly GCD(^, ^) 
and the number of scalar elements in G* is GCD( — , -) and so the result follows. 

^ pq ^ p ^ 

If n = 1 the groups G and G* are always cyclic groups of order ^ and so there is 
nothing to prove. □ 



Corollary 4.5. Let G — G{r,p, q,n) and n 2. Then G = G* if and only if G 
and G* have the same number of scalar elements. 
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Remark. If rt = 2 the condition of having the same number of scalar elements is 
always sufficient for G to be isomorphic to G* but it is no longer necessary. For 
example if G = G{2, 2, 1, 2) we have that G has two scalar elements while G* has 
only one scalar element. Nevertheless we have that G and G* are both isomorphic 
to the Klein group of order 4. 



As an application of Corollarv l4.5l we can consider the Weyl group G = G(2, 2, 1, n) 
Dn and its dual group G* = G(2, 1, 2, n) = Bn/ ± 1. We have that G = G* if and 
only if n is odd. In fact G has two scalars if n is even and one scalar if n is odd 
while G* has exactly one scalar for every value of n. 

We recall to the reader that a projective reflection group is a pair (G, q) and 
so two projective reflection groups should not be considered isomorphic as long 
as the parameters q are different. So Theorem 14.41 and Corollary 14.51 should be 
rather seen as an answer to a natural question and not as a piece of information 
for the classification of projective reflection groups. Nevertheless, this result is 
important whenever we consider the representation theory of the abstract group G 
independently of its action on the algebra of polynomials ^^[y*]. 

5. Descent- TYPE statistics 

The study of permutation statistics, and in particular of those depending on 
up-down or descents patterns, is a very classical subject of study in algebraic com- 
binatorics that goes back to the early 20th century to the works of Macmahon (17), 
and has found a new interest in the last decades after the fundamental work of Adin 
and Roichman (3). In this section we extend these concepts to our context and in 
particular we define some multivariate statistics on the projective reflection groups 
G(r, p, g, n)) that we need to describe some aspects of their invariant theory. 

For 5 = [cr; ci , . . . , c„] G G(r, p, q, n) we let 

HDes(.g) {i G [n — 1] : Ci = c^+i and (Ji > Ui+i} 

h^{9) = #0' > z : J e HDesCg)} 

where [c]s is the smallest non negative representative of the class of the integer c 
modulo s. 

Note that these statistics do not depend on the choice of the integers ci , . . . , c„ for 
representing g. We call the elements in HDes((7) the homogeneous descents of g. 
For example, let g = [27648153; 2, 3, 3, 5, 1, 7, 3, 2] G G(6, 2, 3, 8). Then HDes(5) = 
{2,5}, 

(/ii,...,/i8) - (2,2,1,1,1,0,0,0) and {ki,...,ks) = (18,13,13,9,5,5,1,0). 

If g = p = 1 these statistics give an alternative definition for the flag-major 
index of Adin and Roichman (see (0)) for wreath products G(r, ?i). In fact, if we 

let di{g) =^ #{j >i:j€ Des{g)}, where 

Des(5) = {i : either [q]^ < [ci+i]r or [ci]r = [q+i],. and > a^+i}, 
then the flag-major index is defined as 

fmaj(5) =^ r ^ i + ^[c,]r = ^{rd^{g) + [ci]r). 

ieDos(g) i i 
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Lemma 5.1. Let p = q = 1 and g = [a,ci, . . . ,Cn\ E G{r,n). Then 

r ■ hi{g) + ki{g) = r ■ di{g) + [q]^, 
and in particular ^(r • hi{g) + ki[g)) = fniaj(g). 

Proof. We proceed by reverse induction on i. li i = n it is clear, since dn — hn — 
and fc„ — [cn]r by definition. So let i < n. 

• If [ci]r = [ci+i]r then i G Des{g) if and only if i G HDes((7) and the result 
easily follows. 

• If [c^]r < [ci+i]r we have di = d.^+i + 1, h,, = /ij+i and fcj = /j^+i + r + [q],, - 

[Ci+l]r. So 

rhi+ki = rhi+i+ki+i+r+[ci\r-[ci+i]r = rdi+i + [c.i+i]r+r+[ci]r-[ci+i]r = rdi+[ci]r. 

• If [ci]r > we have = d^+i, /i^ = ft-i+i and fc^ = fc^+i + [ci]r - [q+iJ^ 
and the result follows similarly. 

□ 

We note that if Xi{g) =^ r-hi{g)+ki{g) then the sequence X{g) =^ (Ai(g), . . . , A„((jf)) 
is a partition (actually both sequences {hi, . . . , /i„) and fci, . . . , A:„ are partitions). 
We may also observe that X{g) is such that g = [\g\; X{g)]- Extending the notion of 
flag-major index we define the flag-major index for the projective reflection group 

G{r,p,q,n) by fmaj(g) =^ \\{g)\. 

As a first application of these definitions we can describe an explicit basis of the 
coinvariant algebra R'^ of a projective reflection group of the form G = G{r,p, q, n). 
We already know that dimi?'-^ = \G\ and so it could be natural to expect a basis for 
the algebra R'~^ indexed by elements of G. As it was mentioned in the introduction, 
this is the first occurrence of the invariant theory of a projective reflection group G 
which is naturally described by its dual group G* . Generalizing and unifying results 



aescriDea Dy n 

and deflnitions in (fisl : El; H [j), we associate to any element g G G a monomial 



a„ 



G C[X] C[a;i, . . . , Xn] of degree fmaj(g) in the following way 



We denote by Sq [X] the algebra of polynomials in C [X] generated by the monomials 
of degree q. 

Lemma 5.2. Let g G G'(r, 1, g, n). Then the following are equivalent 

• g e G{r,p,q,n); 

• fmaj (g) = mod p; 

• CLg £ Sp[X]. 

Proof. We can choose an expression g — [cr; ci , . . . , c„] for g such that [c„],./^ = [cn]r- 
So we can assume that q = 1. Then, by Lemma l5. 11 Ci = ki mod r and so 

fmaj(g) = deg Og = rhi + ki = ki = q mod r, 

i i 

and the result follows. □ 

Theorem 5.3. If G = G{r,p,q,n) then the set {og : g £ G*} represents a basis 
for R^. 
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Proof. This fact is implicitly proved in (jjl) if g = 1. Now assume that p — 1. In 
this case the coinvariant algebra i?<3(i-,i,9,n) j^^^g basis given by 

{ag : g G G(r, 1, 1, n) and deg(ag) = mod q}. 

By Lemma 15.21 this set is exactly {ag : g G G(r, q, 1, n)}. 

Now consider the general case, i.e. p, q arbitrary, and recall that R'^ is the subal- 
gebra of i?<^('"'P'i'") given by the elements of degree multiple of q. If g G G* then it 
is clear that there exists an element g' which represents g in G(r, q, 1, n) such that 
Xi{g) — Xi{g') for all i and so ag — ag>. So the elements ag with g G G* are inde- 
pendent (since they belong to a basis of and belong to R'^ by Lemma 
15.21 Since they have the right cardinality they form a basis for □ 

The following result, which is stronger than Theorem 15.31 is one of the main 
ingredients in the description of the descent representations (see fj7]). For this we 
need to introduce some notation on partitions. If M is a monomial in C[X] we 
denote by X(M) its exponent partition, i.e. the partition obtained by rearranging 
the exponents of M . We say that a polynomial is homogeneous of partition degree 
X if it is a linear combination of monomials whose exponent partition is A. We 
consider the set of partitions of a given integer k as a partially ordered set by the 
dominance order. In this order we have A < /Lt if Ai + . . . + Ai < /^i + ■ • ■ + /Lt^ for all 
i. 

We denote by ^^[XJa the space of homogeneous polynomials of partition degree A 
and we let 

Sg[XUx - Sg[X]y and Sg[X]^^ = Sg[X]y. 

\'<1\ X'<X 

Corollary 5.4. Let G — G(r,p,q,n) and M G >S'g[^] be a monomial and consider 
the unique expression 

with fg E Sq[X]^ . Then fg E Sq[X].^\ for some partition A such that X + X{g) < 
A(M). In particular, i/fmaj((7) — degM and fg we have X[g) < A(M). 

Proof This fact is known (see (jlHIi)) if g = 1. So in particular we know that there 
exist unique homogeneous polynomials fg G S[X]^''-^'P'^'^'^\ with g G G(r, l,p, n), 
such that 

9GG{r,l,p,n) 

and that these polynomials satisfy fg G S'[X]<]a for some partition A such that 
A + A(g) < X{M). By CoroUarv 15.31 we know that there exists a unique expression 

with fg G Sq[X]'^. Since the index set in the second sum is a subset of the index 
set in the first sum and S'q[X]'^ C S[X]'^^'^'P'^'^'> these two expressions coincide and 
the result follows. □ 
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6. Irreducible representations 

In this section we describe explicitly a natural parametrization of the irreducible 
representations of a projective reflection group G{r,p, q, n). Given a partition /i of 
n, the Ferrers diagram of shape /i is a collection of boxes, arranged in left -justified 
rows, with pi boxes in row i. We denote by Fer(r, p, n) the set of r-tuples of 
Ferrers diagrams whose shapes (A*^"' , . . . , A^'""^-') are such that = ^^'^ 

'J2i ijA*^*' I = mod p. This may recall the definition of G{r,p, n) where the role of 
Ci{g) is played by «|A'-'-' |. In an extreme parallelism with the groups G{r,p, n) 
we have the following result. 

Lemma 6.1. Let (A'^"-', . . . , A'^''^"'^^) G Fer(r,p,n) (and q d N be such that q\r and 
pq\rn). Then 

^^(r/g)^ ^(r/?+i) ^ ^(r/q+r-i)^ ^ Fer(r,p, n), 
where X^^^ A^-'^''' if j > r. 



Proof. We have 



r— 1 r — 1 r— 1 



1=0 



and the result follows. □ 

If /i G Fer (r,p,n) we denote by 5Tp the set of all possible fillings of the boxes 
in fi with all the numbers from 1 to rt appearing once, in such way that rows are 
increasing from left to right and columns are incresing from top to bottom in every 

single Ferrers diagram of fi. Moreover we let ST{r,p,n) =^ U^gFcr(r,p,n)'5Tp. 
By Lemma |6. II we have a natural action of Cq on both Fer(r,p, n) and ST{r,p, n). 
We denote the corresponding quotient sets by Fer(r,p, g, n) and ST{r,p,q,n). If 
T e ST{r,p,q,n) we denote by /i(T) its corresponding shape in Fer(r, j>, g, n) and 

if /i G Fer(r,p, g,n) we let ST ^ {T G ST{r,p,q,n) : ii{T) = /i}. Finally, if 

Fer = Fer(r,p, g, n), we let Fer* Fer(r, g,p, n). 

We can define the statistics hi and ki in ST{r,p, q,n) similarly to the case of 
G{r,p, q,n). Let T G ST{r,p,q,n) be represented by (Ti, . . . ,Tr). For i G [n] we 
let Ci = J if i G Tj . With this notation in mind we let 

IIDes(r) {i £ [n — 1] : Ci = c^+i and i appears strictly above i + 1}; 

h^{T) = #{j > * : J G HDes(r)}; 



del \ \Cn]r/q if 1 = 



n 



h+i + [ci - Cj+i]r if i G [n - 1]. 



It is clear that these definitions do not depend on the choice of the representative 
(Ti, . . . , Tr). For example if 



T : 



1 


4 


2 


8 


5 




3 


9 



Mj G5r(3,l,3,9), 

wehave(/ii,...,/i9) = (3, 3, 2, 2, 1, 1, 1, 1, 0) and (fci,...,/c9) = (5,3,3,2,2,1,1,0,0). 

We de 
|A(T)|. 



We define \i{T) rhi{T) + ki{T), A(T) = (Ai(T), . . . , A„(r) and fmaj(T) = 
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Proposition 6.2. The irreducible representations ofG{r,p, q, n) are naturally parametrized 
by pairs {lJ-,p), where fi £ Fer* and p G {Cp)^,, the stabilizer of any element in the 
class fi. Moreover the dimension of the irreducible representation indexed by (fi, p) 
is independent of p and it is equal to |iST^|. 

Proof. This is known if G is a reflection group, i.e. if q — I (see Q) and the 
references cited there). On the other hand the irreducible representations of G are 
exactly those of G{r,p,l,n) which are fixed pointwise by C^. By (fisl . Theorem 
5.3) we know that the multiplicity of the irreducible representation of G{r,p, 1, n) 
indexed by (/i, p) (with /i G Fer(r, l,p,n)) in j^'^^^'P'^-"^ jg given by the number of 
elements T S ST^ such that fmaj(r) = k. So we deduce that is a representation 
also for G if and only if fmaj(r) = mod q for some (or, equivalently, for all) T S 
STf^. If fi = (A("\ . . . , A*^*"^^^), this condition is clearly equivalent to z|A^')| =q 
and the result follows. □ 

For notational convenience in the next sections, if cj) is an irreducible represen- 
tation of G indexed by a pair (/i, p) we let /i(0) =^ £ Fer*. 

7. Descent representations 

In this section we introduce the descent representations of a group G(r,p, q,n) 
which turn out to be a refinement of the homogenous decomposition of the coinvari- 
ant algebra. In particular, if G = G(r,p, q,n) and |A| = mod q, we can consider 
the submodule R'^x of spanned by monomials of total degree |A| and partition 
degree <A and we can similarly define R'^x- Following and generalizing ([l|; @; 0) 
we denote the quotient module by 

pG d£.t pG / pG 

- R<\/R<\- 

We call the modules R^ the descent representations of G. A straightforward ap- 
plication of Maschke's theorem implies that, for any k = mod q, we have an 
isomorphism 

^■■R^^^R^ 

such that every element in tp~^{R'^) can be represented by a homogeneous polyno- 
mial in of partition degree A. We recall that ii g G G* then the monomial Og 
has partition degree X{g) and so it represents an element in Rx[g)- So the following 
result is an immediate consequence of Theorem 15.31 and Corollarv l5.4l 

Lemma 7.1. Let X be a partition such that |A| = mod q. Then the set 

{og : g £ G* and \{g) — A} 

is a system of representatives of a basis of R^ ■ In particular dim.{Rx ) = |{g G G* : 

A(g)-A}|. 

Our next target is an explicit description of the irreducible decomposition of the 
modules R^- 

Proposition 7.2. Let cj) be an irreducible representation of G — G{r,p, q, n). Then 
the multiplicity of (j> in R^ is given by 

{X4>^Xro) \{T e ST^(^) : A(T) = A|, 

where ^{4>) G Fer* is defined at the end of ^ 
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Proof. This is known for reflection groups G{r,p,n) (see ([3, Theorem 10.5)). The 
extension to projective reflection groups G{r,p, q,n) is straightforward by the de- 
scription of the irreducible representations of G in fJSl □ 

This proposition unifles and generalizes the corresponding coarse results of Lusztig 
(unpublished) and Kraskiewicz-Weyman (igI ) in Type A and Stembridge for 
reflection groups and the corresponding refined results of Adin-Brenti-Roichman 
(111) in Type A and B and of Bagno-Biagioli Q) for reflection groups. 



8. Tensorial and diagonal invariants 

In this section we describe the main result of this work (Theorem 18. 4p which 
presents an explicit basis for the diagonal invariant algebra of a projective reflection 
group G = G(r,p,q,n) (considered as a free module over the tensorial invariant 
algebra) in terms of the dualgroup G* . This result is new also in the generality 
of reflection groups (see U @) for related results in type A and B). Here it is 
really apparent that not only the combinatorics of G* plays a crucial role in the 
invariant theory of G as in the previous sections, but also its algebraic structure. 
Let Sq[X]'^'' be the fc-th tensor power of the algebra of polynomials S'g[A"] defined in 
^ On this algebra we consider the natural action of the group G*"' (where the i-th 
coordinate of G'^ acts on the «-th factor in Sq[X]'^'') and of its diagonal subgroup 
AG. We are particularly interested in the corresponding invariant algebras. Every 
monomial in Sq[X]^'' can be described by a fc x n-matrix with non negative integer 
entries such that the sum in each row is divided by q. To any such matrix A we 
associate the monomial Yli j ^Tj^ ■ Here and in what follows we identify 

Sq[X]®'^ with the algebra of polynomials Sq[Xi, . . . , AT^] = Sq[xi^j] (where i € [fc] 
and j G [n]) spanned by monomials whose degree in Xi^i, . . . ,Xi^n is a multiple 
of q for all i € [fc] . The algebra Sq [Xi , . . . , Xk] is multigraded by fc-tuples of 
partitions with at most n parts: we just say that a monomial M is homogeneous 
of multipartition degree (A*-^-*, . . . , A*-''-') if its exponent partition with respect to the 

variables xi^i, . . . Xi^n is A'-*' for all i. We write in this case A'-*'(Af) A*-*' for all i 

and A(M) =^(A«,...,AW). 

We refer to the algebra Sq[Xi^ . . . , A^]^'-^ as the diagonal invariant algebra of 
G. It is clear that Sq[Xi, . . . , A^]^"-^ is generated by the polynomials 

I I geAG 

and that the non zero polynomials of this form arc linearly independent. 

Lemma 8.1. Let A be a k x n matrix with row sums divided by q and let Si be the 
sum of the entries in its i-th column. Then (X^)'^ 7^ */ o,i^d only if the following 
two conditions are satisfied 

(1) Si = Sj for all i,j; 

(2) psi = for all i. 

Proof. To prove that (X^)'^ = it is enough to show that there exists a subgroup 
H of G such that J2heH h{X^) = 0. Let hi — [1; ci, . . . , Cr], where Cfc = if fc ^ i 
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and Ci — p and Hi be the subgroup of G generated by hi . Then 



otherwise. 



Now let hij = [l;ci, . . . ,Cr] where Cfc = if fc ^ Ci = 1 and Cj = —1. Let Hij 
be the subgroup generated by hij. Then 



E h{x^) = (1 + C'-'^' + ■ • • + c;^''"''^)A'^ = 



rX^ if Si — Sj 
otherwise. 



To prove the converse let H be the subgroup of G of elements h such that = 1 
and let A be a matrix satisfying (1) and (2). Since H is generated by the /i^'s 
and the hij^s, we observe that ii h ^ H then h{X^) — cX^, where c is a positive 
integer. Then we have 



(A">)* 



I I o-eAS„ \heH / 
I I <TeAS„ 

(where c is a positive integer), which is clearly non-zero. □ 

We recall that a k-partite partition (see (12; 3)) is a k x n matrix A = (aij) 
with non-negative integer entries such that aij > Uij+i whenever ah,j = a/tj+i for 
all h < i. We denote by Bk{r,p,q,n) the set of A; x n-matrices which are fc-partite 
partitions, with row sums divided by q and column sums satisfying (1) and (2) in 
Lemma 18.11 



Corollary 8.2. The set {(X^)"^ : A £ Bk{r,p, q,n)} is a basis for the diagonal 
invariant algebra ofG. 



We recall that the algebra Sq[Xi, . . . ,Xk] , being Cohen-Macaulay (see (1221, 
Proposition 3.1)), is a free module over the tensorial invariant algebra Sq[Xi, . . . , Xk 
and our next target is the description of a basis for Sq[Xi, . . . ^X^]'^'^ as a free 
S'jXi,...,Xfe]G' -module. 

Definition. Let A be a partition with n parts and g G G{r,p, q, n). We say that A 
is g-compatible if A — X{g) is a partition and g — [\g\; A]. 

We note that in the case of the symmetric group the condition g = [\g\; A] in 
the previous definition is empty and we obtain an equivalent definition of a a- 
compatible partition given in (|l2r). Th e sp ecial case of the following result where 
G is the symmetric group is proved in (jl2r ). 

Theorem 8.3. There is a bijection between Bk{r,p, q, n) and (2k) -tuples (gi, . . . , gk', A^^-* , . . . , A'-'^^') 
where 

• gi, . . . ,gk £ G* are such that gi ■ ■ ■ gk — 1/ 

• A^*^ is a gi- compatible partition. 
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The bijection is given by 



(1) 

(2) 

'^i(l) 


X(2) 


•An 
\(2) 


(fe) 

(CTl...(7fc_i)(l) 


x(fe) 

^(CTl...<Tfc_i)(2) 


(cri ...( 



where ai = \gi\ and the composition of permutations is from left to right. 

Proof. By (12, Remark 2.2), we know that there exists a bijection $ between 2k- 
tuples ((Ti, . . . , CTfe; X^^\ . . . , A*^'')), (where A^*^ is (Ji-eompatible for all i and ai ■ ■ ■ ak = 
1) and fc-partite partitions given by 
(2) 

^ A2 • • • An \ 

\(2) x(2) x(2) 

$((Ti,...,afe;AW,...,A«) = -^W -1(2) '^^ 

x(fe) x(fe) x(fe) 

\ ^(<Ti...£Tfc_i)(l) ^(<Ti...O-fc_i)(2) ^(<Ti...<Tfc_i)(n) / 

Since gi-compatible implies iTi-compatible we deduce that $(51, . . . ,gk] A'-^-', . . . , A*^'')) 
is a fc-partite partition. Using the fact that A*-*-' is gi-compatible we compute the 
sum of the elements in the i-th row: 

Ee..-.(.)=E^^'-0 mod,, 

j j 

since gi € G* . Now we have to verify that the conditions on the column sums are 
satisfied. For j g [n] let Cj be the 1 x n matrix whose z-th coordinate is 1 and all 
the others are zero. Consider the elements gi — [tii, A^'^] e G{r,p,n). Since A^*^ is 
(7i-compatible we have that gi is a lifting of gi. Then the j-th row of the matrix 
51 ■ ■ • 5fc is 

(3) e,(5i---5fc) = e,([ai;AW]...K;AW]) 



C> e.,(,.)([a2;A(2)]...K;AW]) 
c'^''^'-«'e(„,.,)(,)([a3;A(3)]...K;A«]) 



A ^'+A^' , + - + A 



1(3) <'l---CTfc_l(j) 



e 



Then, since gi ■ ■ ■ gk = I in G* , we deduce that the exponents of (as j varies in 
[n]) appearing in the previous formula must be all congruent to the same multiple 
of r/p modulo r. Since these exponents are exactly the column sums of the matrix 
^{gi, . ■ ■ ,gk', A'"^', . . . , A^'"'') we conclude that the map $ is well-defined. 
Let's prove that $ is surjective. If A e Bk{r,p,q,n) we know that there exist 
(unique) (cti, . . . , dfe; A*^^', . . . , A^^^^), where A^'^ is di-compatible for all i such that 
is satisfied. We let gi — [cri,A^')]. We have to show that A^*^ is grcompatible 
and for this we only have to verify that A*-*' — \{gi) is a partition. So we have to 
show that 

(4) Af-Agi>A,(g.)-A,+i(g.), 

for all j. We observe that the two sides of ^ are always congruent modulo r. If 
j G HDes(5i) the right-hand side of (g]) is r. The left-hand side is at least 1 since 
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A*^*^ is (Ji-compatible and the result follows. 

If j ^ HDes(.gi) then the right-hand side is always in [0, r — 1] and the result again 
follows. To prove that gi ■ ■ ■ gk = 1 it is enough to read equation ([3]) backwards. 
Finally we have to prove that $ is injective. This is clear from the corresponding 
fact for the symmetric group and the definition of a g-compatible partition. □ 

We denote by Par(r, p, ti) the set of partitions of length at most n whose parts 
are all congruent to the same multiple oi r/p modulo r and we observe that, if 
g G G*, then 

A is g-compatible if and only if A — X{g) G Par(r, p, n). 
If gi, . . . , gfc e G* and gi ■ ■ ■ gk ^ 1 we let 

-4(51, • ■ • *(5i, • ■ ■,9k]K9i)i ■ ■ -iKgk))- 

Theorem 8.4. The set of polynomials 

1(^^(31, ...,,.))# . ^^^...^g^ £ G* andgi---gk = 1}, 

is a basis for Sq[Xi, . . . , Xk]'^''^ as a free module over Sq[Xi, . . . , Xk]'^ or equiva- 
lently for the C-vector space {Sq[Xi, . . . ,Xk]/l'^ )'^'^, where 7^'° is the ideal gen- 
erated by the non constant homogeneous -invariants. 

Proof. We observe that Theorem 18. 31 can be restated as follows: if A G Bk{r,p, q, n) 
then there exist unique gi, . . . , g^ £ G* with gi ■ ■ • gk = ^ such that 

j^A ^ X^{9l,-9.)M^{Xi) ■ ■ ■ Mk{Xk), 

where, for all i G [k], Mi is a monomial such that X{Mi) = A'*'(A'"^) — A(g,;) and 
X{Mi) G Par(r,p, n). Recall that X^^\X^) is the exponent partition of with 
respect to the variables Xi^i, . . . ,Xi^n (i-e. the partition obtained by reordering the 
i-th row of A). Then with a moment's thought one can deduce that the poly- 
nomial X^'^s^'---'S'''>mx(^Mi)i^i) • ■ ' ''TT'\{Aik){-^k), where the m^'s are the monomial 
symmetric functions, is equal to plus a sum of monomials having multipartition 
degree strictly smaller than A{X^) with respect to the fc-th cartesian product of 
the dominance order on partitions. Now we observe that if A G Par(r, p, n) then m\ 
is G-invariant. For this it is enough to prove that = j^KX'^) for all g G G. 

By definition of Par(r, p, n) we know that, for all i, A; = kr/p mod r, for some 
integer k. Then, if .9 = [u; ci, . . . , c„] we have 

and the claim follows since ci + ■ • • + c„ = mod p. In particular we may conclude 
that 

(5) {X^)* - (X^^^^'-a''^)*mx(M,){Xi)---mx^M,){Xk)+F, 

where X'^'\X^) = A(g,) + A(Mi) and F G Sq[Xi, . . . , Xk]'^^^;^Ay This implies that 
the polynomials (^X'^^^^-'-'-'^''^)'^ span the diagonal invariant algebra Sq[Xi, . . . , Xj,]^' 
as a free module over Sq[Xi, . . . , Xk]'^ . By Lemma ISTSl these polynomials have the 
right cardinality and hence they are a basis. □ 

Lemma 8.5. We have 

dim((5jXi,...,Xfc]//f )^G)^|C|fc-i 
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Proof. We recall that Sq[Xi,..., Xk]/lf = CG®*^ as AG-modulcs, by Proposition 
13.11 So, if we let x be the character of CG®*^ we have xig) = if g 7^ 1 and 
X(1)-|G'=|. So 



= |G|^-i. 

□ 



An immediate consequence of Theorem 18.41 is the following equality 



Hilb(5jXi,...,Xfe]^^)(yi,...,yfe) 



Eilh{Sq[Xi 



E 



fmaj(gi 
i/l 



fmaj(c(fc) 
■ yfc ' 



gi,...,gfceG*: 



where the Hilbert series are considered with respect to the total multidegree. The- 
orem 18.41 and its proof allow us to obtain an important refinement of the previous 
identity, considering the multipartition degree instead of the total multidegree. 



Corollary 8.6. We have 



Hiib(^jXi,...,Xfe]^g)(yi,...,n) ^ ^ 
Hiib(5jXi,...,Xfc]G^)(ri,...,rfc) ^ 1 ' 

Sl---Sfc = l 

where = (i/i^i, . . . o,nd the Hilbert series are considered with respect to the 

multipartition degree. 

Proof. Equation ([5|) implies that 



dimSg[X,,...,Xk]^1= E dim5,[Xi,...,Xfe]^^ 

gi,...,gfcGG*: A'GPar(r,p,ra)'': 

9l---9fe = l A'+A(gi,...,gfc)<A 



and similarly with O instead of <. Therefore 



dim Sq [Xi , 



>-^fcjA 



= dim Sq [Xi , 



E 



E 

3l,---,9fc6G*: A'ePar(r,p,n)'°: 
9l---9)= = l A'+A(ffi,...,Sfc)=A 



Xfc]§):-dim5,[Xi,.. 

dim Sq [Xi , . 



' ^fcJ<lA 
• ,-'^fc]A' • 



Note that in the last sum there is only one summand corresponding to A' = A — 
A(gi,...,gk) if this is an element in Par(r, p, n)'', and there are no summands 
otherwise. For notational convenience, if A = (A*-^-*, . . . , A*-''-') is a multipartition. 
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we denote by =^ Yj^'^' • • ■ Yj^^''^ = Y\- ■ y^j . So we have 



A gi,...,gfcGG*: A' ePar(r,p,n)'= : 
9l---9fc=l A'+A(gi,...,gfc)=A 



gi,...,gkeG': A'ePar(r,p,n)'= 
5l---5fc = l 

^ yAto)...yAte) ^ dim5,[Xi,...,X,]«r:y^' 

ffi,...,gfceG*: A'ePar(r,p,ri)''- 
ffl-fffe = l 

^ yAto)...yAte)Hilb(^^[Xi,...,Xfe]G^). 

ffi,...,gfceG*: 
ffi---fffc = l 

In the last equaUty we have used the fact that if _F S ^^[XJa is a nonzero G- 
invariant polynomial then A € Par(r, p, n) . This follows from the fact that the 
invariants of G{r,p, q, n) on S'5[X] coincide with the invariants of G{r,p, n) on C[X], 
and the invariants of G(r,p,n) form a polynomial algebra generated by the n — 1 
independent homogeneous polynomial ej{x\, . . . , sj^) for j = 1, . . . , n — 1 together 
with the monomial {xi ■ ■ ■ XnY^^ ■ D 



9. Kronecker coefficients 

We can use the descent representations of a projective reflection group G 
G{r,p,q,n) introduced in Sj7]and the isomorphism 



to give to the coinvariant algebra the structure of a partition-graded module. By 
means of this grading of the coinvariant algebra we can also decompose the algebra 



Sq[Xi, . . . ,Xk] ^ Q 



tG'' 
'- + 

and its diagonal invariant subalgebra 



Sq[X^,...,Xk]\ _ 5,[Xi,...,Xfe]^G 



tG'' 



Jf 



in homogeneous components whose degrees are fc-tuples of partitions with at most 
n parts. Here is the ideal generated by homogeneous G'^-invariant polynomials 
of positive degree inside Sq[Xi, . . . , Xfe]^*^. The last isomorphism is due to the fact 
that the natural map 
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is an isomorphism since the averaging operator F ^ F"^ provides an inverse. In 
particular we say that an element in Sq[Xi, . . . , Xk]/I^ is homogeneous of multi- 
partition degree {\'--^\ . . . , A'^'''^) if it belongs to R^(i) • ■ • (81 R'^(k) by means of the 
above mentioned isomorphism. 

We define the refined fake degree polynomial /"^(i/i, . . . ,yn) of G as the polyno- 
mial whose coefficient of • • • y^'^ is the multiplicity of the irreducible represen- 
tation ^ of G in i?^. If , . . . , are k irreducible representations of G we define 
the Kronecker coefficients of G by 

One may note that the knowledge of the Kronecker coefficients is equivalent to the 
knowledge of the irreducible decomposition of the tensor product of fc — 1 irreducible 
representations of G. If G = G{r,p, q, n) and /ii, . . . , e Fer* — Fer(r, n), we 
define the coarse Kronecker coefficients of G by 

dcf \ ^ 

9iJ.i,...,fj.k ~ / , 94'i,---,<PkJ 

0i,...,0fceIrr(G): 
At(0i)=AiiVi 

where Irr(G) denotes the set of all irreducibel repesentations of G. Note that if 
p — I, for example for the wreath products G{r,n), then the coarse Kronecker 
coefficients necessarily coincide with the standard ones. The following result is a 
consequence of (21, Theorem 5.11) (see also IH Theorem 3.1) for the corresponding 
result for the symmetric group). 

Theorem 9.1. We have 

lAG 



Hilbl 



^•Sj[Xj_x5L-),y^ ^.j^ ^ ♦./♦'(Vi)-/*'oy 

0i,...,0fceIrr(G) 

where the sum is taken over all k-tuples of irreducible representations of G. 
By Proposition 17. 21 we deduce that 

Then Theorem 19.11 can be restated as follows 
(6) 

wiib(^ j(Yi,...,yk) - 2^ 9t,iTi),...,iJ.iTkyi ■■■yk 

+ Ti.,...,TkeST'- 

where ST* ST(r, q^p, n). The following result relates the multivariate descents 
statistics considered so far on the group G{r,p, q, n) with the corresponding statis- 
tics on tableaux in ST(r,p, q, n), by means of the coarse Kronecker coefficients. 

Corollary 9.2. Let G = G{r,p,q,n) and ST = ST{r,p,q,n). Then 

^1 •■■^fe - 5M(Ti),...,M(Tfe)i'i •■■^fe 

Si,.--,SfceG Ti,...,Tk£ST 
gi--gk=i 
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Proof. This follows from Theorem 18.41 Corollary 18.61 and Equation ([6]) (with G — 
G*) since the set of polynomials represents also a homogeneous 

basis with respect to the multipartition degree of Sq[Xi, . . . , Xk]^'^ /J^ ■ □ 

We may observe that Corollary 19.21 can also be seen as a purely combinatorial 
algorithm to compute the coarse Kronecker coefficients of G. This can be achieved 
in a way which is similar to the corresponding result for the symmetric group (see 
(0, §4)). One further consequence is the existence of a generalized multivariate 
Robinson-Schensted correspondence for projective reflection groups G{r,p, q, n). 

Corollary 9.3. There exists a correspondence T that associates to any k-tuple 
{gi, . . . , gk) of elements in G such that gi ■ ■ ■ gk — 1 a k-tuple of tableaux Ti, . . . ,Tk 
such that 

• l^"^(ri,...,Tfe)| = 5M(Ti)....,M(Tfc); 

• '^{9i) = ^(Ti) for all i. 

In the next section we describe a bijective proof of Corollary 19.21 in the case 
k = 2. 

10. The Robinson-Schensted correspondence 

The Robinson-Schensted correspondence is a very classical tool in the study of 
the algebraic combinatorics of the symmetric groups and it has a rather natural 
generalization to the wreath product groups G(r, n) that we describe later. On the 
other hand there is no such correspondence for the other reflection groups of the 
form G(r, p, n), probably because such correspondence should involve the represen- 
tation theory of the dual group. In this section we extend this correspondence to 
all projective reflection groups of the form G(r, p, q, n). 

Recall the classical Robinson-Schensted correspondence from ([23l . §7.11)). This 
correspondence has been extended to wreath product groups G(r, n) in (j24r ) in the 
following way. Given g e G(r, n) and j G [0, r — 1], we let {ii, . . . , i^} — {I £ [n] : 

ci(q) — j} and we consider the two-line array A., = ( . ^ \ 1 , 

\ o-(«i) cr(«2) ••• cr{th) J' 

where a — \g\, and the pair of tableaux {Pj, Qj) obtained by applying the Robinson- 
Schensted correspondence to Aj . Then the Stanton- White correspondence 

g ^ {P{g),Q{g)) ((Po, • ■ ■ , Pr-i), {Qo, • ■ ■ , Qr-i)) 

is a bijection between G(r, n) and pairs of tableaux of the same shape in ST{r, l,n). 
Furthermore we have X{g) — \{Q{g)) and X{g~^) = X{P{g)). 

Now let g e G{r,p,q,n) and g G G{r,p,n) be a lifting of g. Then the classes 
in ST{r,p,q,n) of the tableaux P{g) and Q{g) obtained by applying the previous 
correspondence depend uniquely on g and not on the lifting g. Therefore one can 
define a map g t— > {P{g),Q{g)) which associates to any element in G{r,p, q,n) a 
pair of tableaux in ST{r,p,q,n) of the same shape. The following result is the 
natural generalization of the Stanton- White correspondence to projective reflection 
groups. 

Theorem 10.1. Let P,Q he two tableaux in ST{r,p, q,n) of the same shape fj,. 
Then 

\{g € Gir,p,q,n) : P(g) = P and Q(g) = Q}\ = |(G,)J, 
where (Gg)^ is the stabilizer in Gq of any element in the class fi. 
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Proof. We first observe that the map g t-^ {P{g),Q{g)) is a bijection between 
G{r,p,n) and pairs of tableaux in ST{r,p,n) with the same shape, by restriction 
of the corresponding result for wreath products. The number of pairs of tableaux 
with the same shape in ST{r,p, n) which represent P and Q is exactly q- |(Cg)p|. In 
fact, we can choose a lifting for P in q ways and for any such choice the lifting of Q 
can be chosen in |(Cq)^| (since we require the two liftings to have the same shape). 
The result follows since the number of liftings in G(r, p, n) of a given element in 
G{r,p,q,n) is q. □ 

We observe that Theorem 110.11 provides a bijective proof that 

|G|= E (dinK/-)', 

0Glrr(G*) 

since dimt/i = |5T^(0)| and, given /i G Fer, we have {{ip G Irr(G*) : = fx}\ = 

I(c,)mI- 



11. Galois automorphisms 

The final target of this work is to use some of the theory developed in the previous 
sections to solve a problem posed in (0, Question 6.3). The objects of our study 
here are again Hilbert series of invariant algebras as in ^but with a new ingredient 
given by a Galois automorphism. 

It is known that (any representation of) the reflection group G{r,p,n) is defined 
over (Q)(Cr) (see, e.g., (|25l §6)) and in particular this is true also for the projective 
refiection group G{r,p,q,n). Now, if cr G Gal(Q[e^], Q), we have cr(Gq) = Cq 
and so we can apply a on G{r,p, q, n) (just letting a act entrywise on the matrices 
representing the elements in G). Moreover we observe that, since (j{Cr) — Cr f^i' 
some d such that GCD{r, d) — 1, we also have g'^ '= a{g) G G for all g G G, i.e. 
cr G Aut(G). 

The setting is similar to that of [J8]with k — 2: we consider the following twisted 
diagonal subgroup of G x G 

A-G''^'{{g,g^): geG}. 

We recall that GxG acts on the symmetric algebra Sq [Xi , X2] and that this algebra 
has a bipartition degree given by the exponent partitions in the two sets of variables, 
i.e. 

Sq[Xl,X2] = ^ Sq[Xl,X2]x{l)^\(2), 

where the sum is over all pairs of partitions of size multiples of q. 

The coinvariant algebra of i?*^ ^ is canonically isomorphic to R'~^ and so 
it also affords a bipartition degree given by 

-"'A(i),A(2) — ^A<i) '^^A(2)- 

We are interested in the subalgebra of R^^^ consisting of A°'G-invariants and in 
particular to its Hilbert series with respect to the bipartition degree defined above. 

The following result was proved in (0) for all reflection groups in its unreflned 
version (i.e. considering only the bidegree in and not the bipartition degree). 
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Theorem 11.1. Let G ~ G{r,p,q,n). Then 



\ + / 0eIrr(G) 

Proof. We let Xbp(Y) be the partition-graded character of R'^, i.e. Xr'^{Y) = 
Y'^Xr^- The definition of the polynomials f^iY) provides also 



XRo{Y)= J2 /*(^)X0- 

0eIrr(G) 



So we may deduce that 



= Hiib((i?«®i?«)^"«)) (Yi,y2) 

^ dim((i?^,,«i?,«,.,r^)^i^'V, 



A(i),A(2) 
A(i),A(2) 

- E (pi:K,.,(»)x«5.,«))>-.^"'>'r 

A(i),A(2) ' ' geG 

1^1 sec 

' ' geG0ieIrr(G) 02eIrr(G) 

E /^n>^i)/^n>^2)|^Ex0i(5)x.0.(5) 

0l,02eIrr(G) ' ' gSG 

= E r^^i)/^(^2). 

0eIrr(G) 

□ 

Now we observe that (T(Cr) = Cr fo^' some j such that GCD(j, r) = 1. Then, if 
At = (AW,...,A('^-i)) € Fer*, we let a^i = {X(i-"\ X(^-'^\ . . . , X^^-i^-^^)) where 
the indices have to be considered modulo r. One can easily verify that afi is a 
well-defined element in Fer* and we have that if (/> G Irr(G') then a{ii{(f>)) = ii{(j4>) 
(see (0, §6) for related results in G(r, n)). 

As an application of Theorem 110. 1[ we show that the polynomial G"'{Yi, Y2) takes 
the following simple form in terms of the dual group G* . This result is a refinement 
and a generalization to the projective reflection group G{r,p, q,n) of (0, Theorem 
1.3). 
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Corollary 11.2. For any projective reflection group G = G{r,p,q,n) and any 
Galois automorphism a £ Gal{Q[e~]/Q) we have 

Proof. By Theorem 110.11 and Proposition 17. 21 we have 

gee /iePer* P.QeST 

</-eIrr(G) 

□ 

The unrefined version of the previous corollary 

G%y,,y2)= E y'r^'"\'r^'''^ 
g&G* 

provides an answer to (0, Question 6.3). 
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